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Suppose we can and do place k distinct symbols a,, a2,. , ak on the vertices of 
n - 1 directed n-gons in such a way that each symbol appears exactly once on each 
n-gon, and each pair of symbols occurs once in some n-gon at each of the n - 1 
possible directed distances. Then for k = 3 and k = 4, as above, and for each 
circular order (na,, ra*,. . , rrak), the number of n-gons with the symbols in that 
order clockwise must be equal to the number of n-gons with the symbols in that 
order counterclockwise. A counterexample found by Tuvi Etzion shows that when 
k = 5, the conclusion does not necessarily follow. 0 1989 Academic PRXS. Inc. 
INTRODUCTION 
The setting for this note is an (n - 1) X n array each of whose n - 1 
circular rows represents a regular n-gon. Distance is measured by counting 
steps counterclockwise in the n-gon, or to the right in the row. Any symbol 
that appears will be required to appear exactly once in each row, except the 
blank which fills all the unused positions. 
A k-subset of the symbols, together with a fixed one of the (k - l)! 
possible circular orders in which it might appear, can briefly be called 
a k-fragment. Thus, for example, . . .A. . . B. . . C- . + D - . . is the same 4- 
fragment as -.a C-e. D...A .. . Be.. , and is the reverse of 
. . ,C.. .B.. .A.. .D.. . . If a k-fragment occurs on the same number of 
n-gons as its own reverse, let us call it a fragment of symmetry. 
For the sake of discussion let “T(k, n)” stand for the following proposi- 
tion : 
If it is true of any two symbols X and Y in a k-set that the distances 
from X to Y in different n-gons are all different, then all the 
k-fragments from that k-set are fragments of symmetry. 
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The gist of Lemma I is that T(3, n) is true for all n. Lemma II says that 
any n for which T(3, n) is true will be an n for which T(4, n) is true. So we 
infer of course that T(4, n) is true for all n. One might ask whether these 
truths continue; in fact, an anonymous referee (not of this journal) conjec- 
tured that, for any n, the truth of T(4, n) would imply the truth of T(5, n), 
and so on. But the falsity of that conjecture is shown by the counterexample 
in Fig. 4. Specifically T(5,15) is false. 
Another consequence of Lemma I is that T(k, n) is true vacuously 
whenever k 2 3 and n is even. A fortiori an (n - 1) X n “circular Floren- 
tine array” (as discussed in [l, 21) does not exist for even n > 2. 
Another note in preparation by Tuvi Etzion and this writer will explore 
the conditions under which it can be true of any two symbols X and Y in a 
k-set that the distances from X to Y in different n-gons are all different. 
In Section 5 three questions end this note. 
1. A FMILY OF EXAMPLES 
When p is prime we can write p symbols on p - 1 directed p-gons so 
that each ordered pair of distinct symbols occurs exactly once at each of the 
directed distances 1 to p - 1. Figure 1 shows an example with p = 5. 
The general construction for prime p is as follows. Let the p symbols be 
a,, a,, a2, - . . , Opel. For each g from 1 to p - 1, put the symbol a, in 
position congruent to ig modulo p in the gth p-gon. 
Proof that this construction works is as follows. We can measure distance 
by counting steps counterclockwise from a, to aj. Thus the distance from 
ai to aj in the gth p-gon is (j - i)g, and in the hth p-gon is (j - i)h. 
g( j - i) = h(j - i) (mod p) iff (g - h)(j - i) = 0 (mod p). Since p is 
prime we have g = h (mod p) or j = i (mod p). So each distance from ai 
to aj occurs at most once. The p - 1 occurrences in p-gons then ensure 
that each distance must occur at least once. 
2. THE THREE SYMBOL LEMMA 
LEMMA I. If three symbols A, B, C appear on n - 1 directed n-gons with 
each ordered pair once at each of the directed distances 1 to n - 1, then the 
FIGURE 1 
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FIGURE 2 
number of n-gons with ..*A.**B..*C*** clockwise must equal the number 
of n-gons with . . . Aa . . B. . . C. . . counterclockwise. 
Proof: Measure distances by counting steps counterclockwise from A to 
B, then from B to C, then from C to A (see Fig. 2). 
When the trip takes n steps it means ...A ... Be.. 
c.. . appeared counterclockwise. When the trip takes 2n steps it means 
. . .A...B. ..C... appeared clockwise. Let a = #counterclockwise and 
c = #clockwise. Since there was one trip for each n-gon, 
a+c=n-1. 6) 
The total number of steps in all the n-gons is 2nc + na. 
But we can count the total another way, using the assumption about 
distinct distances, since each of A to B, B to C, and C to A contributed 
1 + 2 * .* +(n - 1) = (I). Thus 
2nc + na = 3 “2 . 
( 1 
(ii) 
Solving (i) and (ii) yields 
a = c = (n - 1)/2. Q.E.D. 
Figure 3 exhibits three symbols on eight 9-gons in an instance of the 
lemma. 
3. THE FOUR SYME%OL LEMMA 
Suppose four symbols A, B, C, D are placed on the vertices of n - 1 
directed n-gons so that each symbol appears exactly once on each n-gon, 
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with remaining vertices blank. Suppose W, X, Y are any three of those four 
symbols, 
let #WXY = the number of n-gons with 1. ’ W- . -X. . . Y. * - clock- 
wise and 
let #WYX = the number of n-gons with . . . W. .-X0 . . Y- . . counter- 
clockwise. 
Similarly, let #WXYZ = the number of n-gons with . . . W- . - 
X---Y..-Z-.- clockwise, and 
let #WZYX = the number of n-gons with ... W-.-X.-.Y.-. 
z.. . counterclockwise. 
To shorten the statement and proof of the next lemma, let 
y = #ABCD, 7 = #ADCB, 
/3 =#ACBD, j? = *ADBC, 
S = #ABDC. 8 = *ACDB. 
LEMMA II. If “WXY = “WYX for ecey 3-subset {X, Y, W} of 
{A,B,C,D},theny=y,p=P,and6=6. 
l?roof: Observing that, in general, *WXY = #‘WXYZ + *WXZY + 
*WZXY, and #WYX = #WYXZ + “WYZX + #WZYX, four equations can 
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be derived as follows: 
*ABC = *ACB getsy+j?+6=Y+P+S. (1) 
#ABD + *ADB getsy+j3+6=u+p+8. (2) 
#ACD = #ADC getsy+p+S=7+j?+S. (3) 
#BCD = #BCD getsy+p+8=7+/3+S. (4) 
The solution to this overdetermined system is exactly the conclusion of 
Lemma II. Q.E.D. 
4. NOT So FOR FIVE SYMBOLS 
The example in Fig. 4 was found by Tuvi Etzion (November 1985). It has 
five symbols with n = 15, and each n-gon represented by one row of the 
array. Each ordered pair of symbols occurs once at each of the distances 1 
to 14, so this is an instance of Lemmas I and II. 
But in Fig. 4 it can be seen that *EADBC = 1, whereas *ECBDA = 0. 
Thus although the 4-fragments and 3-fragments are all fragments of sym- 
metry, there is a Sfragment which is not a fragment of symmetry. 
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5. QUESTIONS 
1. For which other k, n besides k = 5 and n = 15, is T(k, n) false? 
2. Is there a constant c c 1 such that T(k, n) is true when k 2 cn? 
3. Is T(k, n) true when k = n? 
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